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ABSTRACT

This report describes research accomplished from June
29, 1965 to June 28, 1966 under Contract No. NAS 8-20222,
Improved Fluid Dynamics Similarity; Analysis and Verification.
Results are presented for three major areas of study:

l. Single phase flow during discharge of liquids

2. Two phase flow in the absence of heat transfer

3. Fluid flow and energy transport in a confined

iiquid subjected to heat transfer

Similarity parameters obtained by means of dimensional
analysis are given. Analytical results, incorporating the
various phyéical effects of importance, are presented
graphically in terms of the similarity parameters obtained.
Experimental data are also presenfed graphically in order
to verify the similarity parameters, to indicate the
operating ranges for which these parameters are important,

and to evaluate the accuracy of the analytical results.
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INTRODUCTION

Full scale testing of large liquid propellant and
oxidizer supply systems can be time consuming, expensive,
and in some cases inconvenient. For these reasons it is
frequently appropriate that scaled down laboratory models
be coﬁsidered. It might be desirable, for example, to
ascertain the performance of a large system in advance of
its construction in order to evaluate the soundness of a
particular design or to provide concrete evidence of the
need for engineering changes if laboratory tests on a model
should indicate weaknesseg in a tentative design. Where a
large scale system has alreay been built, the ability to
predict overall performance is not as important. However,
in this situation certain unexpected features of operational
behavior in the large system may become evident. If they
do, then further study may be required to establish confi-
dence in the ekisting system or to determine the necessary
changes which will eliminate any of these features which
are found to be undesirable. In cases such as this it may
be more convenient, realistic, and économical to simulate
the actual system with a laboratory apparatus of smaller
size. There are some occasions when only a portion of a
system requires intensive study, and a scaled down labora-

tory model of an individual system component may allow



large numbers of experimental measurements to be obtained
rapidly and easily.

In order to exactly dupl.cate the behavior of a large
system with a corresponding laboratory model, it is required
that complete similarity be achieved. This can sométimes
be accomplished if fairly simple processes are involved;
However, the task of attaining complete similarity becomes
increasingly difficult when a number of physical phenomena
all occur simultaneously and interact with each other within
a single system. In the less complex situations it is
important that the simulation be made essentially exact in
order to maximize the usefulness of the laboratory data.

For the more complex cases, where exact simulation may not
be attainable, it is important to ascertain the limitations
of the laboratory simulation and to formulate a laboratory
program which minimizes these limitations as much as possible.

It is clear that the procedures outlined above can be
carried out effectively only if the similarity parameters
have been obtained and if the relationships between them
have been roughly established, perhaps by means of approxi-
mate analytical techniques or from previously obtained
experimental measurements. The second point is very important

if exact similarity cannot be achieved. In this situation

- similarity should be maintained with respect to those

parameters which are dominant, and should be sacrificed
only with respect to those parameters which are known to have

~a minor effect within the range of operation consicdered. The



present investigation was undertaken in order to provide:

1.

A better understanding of the similarity rela-
tionships associated with some of the fluid
dynamics phenomena occuring in propellant and
oxidizer supply systems.

A basis for obtaining a given amount of needed
information from a minimum of similarity
experiments conducted with scaled laboratory
models.

A basis for obtaining maximum information from
a given number of similarity experiments conduct-
ed with scaled laboratory models.

A basis for suggesting improved techniques that
may facilitate future similarity investigations

whose goals are related to any of the three

items above,

Three major areas were selected for individual study in the

present investigation, and the results are reported herein.

These areas are briefly described as:

Single phase flow during discharge of liquids.
Two phase flow in the absence of heat transfer.
Fluid flow and energy transport in a confined

liquid subjected to heat transfer.



In each of these areas similarity parameters were obtained
by means of dimensional analysis. Analytical results,
based on approximate rhysical models, were derived and *he
solutions were expressed in terms of the similarity para-
meters obtained. Finally, experimental measurements were
made in order to verify the significance and importance
of the similarity parameters obtained, and to establish

the validity and limitations associated with the approximate

analytical solutions.



SIMILARITY STUDIES COF GRAVITY AND PRESSURE DRIVEN
LIQUID DISCHARGE

In this section a study of gravity and pressure driven
discharge of liquids is described. A typical situation of
interest is illustrated in FIG. 1. Attention is directed -
toward the mass flow rate of the discharging liquid (m)
and its dependence on time, on the geométry and size of the
system, the liquid properties, pressure drop, and gravi-
tationél field strength, The liquid is considered to be
initially at rest before the discharge process is started.

The study was divided into three separate phases.

The first phase involved application of dimensional analysis
for the purpose of determining the pertinent dimensionless
parameters describing systems of the type shown in FIG. 1.
In the second phase, analytical results based on various
physical models Qere obtained. The simplest of these models
yielded concise expressions which were readily evaluated
numerically, but accuracy was sacrificed since not all of
the physical effects were properly accounted for. The more
complex physical models were more accurate, but they also
involved more lengthy analyses. For these cases, digital
computer calculations were carried out in order to obtain
numerical results, In the third phase of the study, experi-

mental measurements were made in order to verify the




Gas

Liquid:

density o

kinematic
viscosity v

D

UIUUULUU

baffles

ot
Valve .
] m

_——

s

P

FIG. 1 ILLUSTRATION OF A LIQUID
DISCIARGE SYSTEM

gravitational
field, g



significance and importance of the dimensionless parameters
obtained in the first phase, and to establish the validity

and limitations associated with the analytical results

obtained in the second phase. To facilitate the analytical

and experimental portions of this study, a more simplified
geometry (FIG.2) was used.

In the discussion which follows a survey of related
research is summarized first, and then a description of the
important physical effects associated with the discharge

process is given. This is followed by the details of the

three study phases described above and appropriate compari-

sons of the results obtained.
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SURVEY OF LITERATURE

As mentioned earlier, one aim of the present research
is to investigate the possibility of predicting propellant
discharge rates for prototype rockets from tests on scaled
down models. The performance of a liquid fuel rocket depends,
among other things, on the rate of supply of fuel and oxygen
to the rocket engine. Scaling of rocket engines has been
discussed by Penner (Ref. 1), who indicated that scaling of
chemical reactors with complete similarity is not possible.
For the liquid fuel rocket engines, scaling with loss of
geometric and dynamic similarity were considered. For small
scale units, Penner's analysis suggests a reasonable approach
to the interpretation of experimental data. It was concluded
that once the relationship between the various parameters
has been established from a large number of experiments,
rational scaling to larger units should be possible. The
present investigation is mainly limited to a consideration
of the supply rates of fuel or oxidizer to the engine.

The discharge of containers through ofifices and pipes
has been studied for many years by hydraulic engineers
(Ref. 2, 3), whose main aim was the design of water supply
tanks. Pure gravity discharge is encountered in such designs

and Bernoulli's Equation (Ref. 4), with emperical corrections
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for the viscous and geometric effects (Ref. 5), yields
reasonably accurate results for the times and rates of
discharge. So, many of the modeling techniques developed

by hydraulic engineers (Ref. 6), were concerned with river dans,
spillways, open channel flows, etc, and little attention has
been paid to the problem of modeling rapid discharge of
containers.

One of the most powerful methods for dealing with such
problems is Dimensional Analysis. This technique yields the
similarity parameters involved, through an application of
Buckingham's m - Theorem (Ref. 7), in that it groups the
pértinent variables into appropriate dimensionless parameters.
Though dimensional analysis gives the dimensionless parameters
involved, it does not give'the form of dependence among these
parameters. Neither can it predict which of the parameters
are significant and which of them can be neglected. Some-
times it may appear that conflicting requirements must be
satisfied for scaling from which it may be prematurely
concluded that no scaling is possible at all. For example;
in the case of ship motion it turns out (Ref. 8) that for

geometrically similar hull shapes, the dimensionless drag

coefficient is giver by

W

D pSV2

= f(y,F,Re).

C
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where = Fineness coefficient

N

1
F = Froude Number for the flow =

‘Q|<i
e

Re Reynolds Number = 3%2

This relation implies that if 9, F, R are the same for two

geometrically similar shapes, CD must be the same. If the
2

used, to keep F = gf constant, the velocity

must decrease with decrease in model size, whereas to keep

same fluid is

R = VL the same, V must increase with decreasing model
size. However, the practical possibility of scaling tests
for ship hulls stems from the fact that the drag can be
separated into two parts, one depending on the Reynolds
Number and the other on the fineness coefficient and the
Froude Number. Hence, dimensional analysis must be
supplemented by experiment, experience, and mathematical
analysis wherever possible. |
There is another problem. Sometimes it is very

difficult to match one of the non-dimensional parameters.

A case in point is the Reynolds Number in the wind tunnel

testings of aircraft models (Ref. 9, 10). 1In such instances,

the models are tested at a Reynolds Number which is different
from the full scale one, and the results are extrapolated

using some known behaviour. Flanigan and Putnam (Ref. 11}

discuss the principles of similitude in fluid flow and

classify modeling programs into four general catagories as
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(a) diagnostic;
(b) predictive;
(c) developmental

(d) basic.

As was suggested in their paper; the application of modeling
to practical problems usually involves more than one category.
The problem of scaling and testing of distorted models for
valid scale model work was discussed by Ezra (Ref. 12).
Various methods for distinguishing the independent and
dependent similarity parameters and finding the relationships
between them were suggested there Methods for scale model
work, even when one or more independent parameters cannot

be scaled and when there is no knowledge of mathematical
relationships between the independent and dependent variables,
were given by Ezra. In short the problem treated in this

report involves a twofold attempt to:

(i) match the relevant non-dimensional
parameters for scaled down and full
scale rocket propellant containers
so that the non-dimensional mass
flow coefficient remains the same; and

(ii) predict its variation with each

of the other parameters.

The problem at hand is that of modeling the discharge

of a cryogenic fluid. 1In the most general terms, two phase
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flow of a stratified fluid, with cavitation and heat
transfer, through multiple outlets from a single tank is to be
considered. In addition, the effect of varying gravitationad
field is to be considered, though this may be hard to
simulate. The processes involved are very complicéted;

with numerous effects to be taken into account. For instance,
Roudebush and Mandell (Ref. 13) consider pressurization of

a liquid hydrogen tank during outflow. It can be easily

seen from the assumptions, the final equation obtained and
the parametric analysis carried out in that paper, how
complicated an apparently simple problem of pressurizing a
container becomes when dealing with cryogenic fluids. The
dimensional analysis for this problem, carried out by Nein
and Thompson (Ref. 14) indicates that the dimensionless
pressurant ﬁass is dependent on at least 9 m - factors.

Clark (Ref. 15) has reviewed the_literature regarding the
various problems (pressurization, stratification, and
interfacial phenomena) involved with large rocket propellant
tank systems. Fischer (Ref. 16) presented the conditions
for similarity for two phase flows with simultaneous heat
transfer. He concludes that for two two-phase flows to be
similar not only the characteristic Reynolds, Euler and
Froude numbers for the individual phases must be the same

in the two flows, but also the density and the dynamic
viscosity ratios for the two phases in both flows must be

the same,
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In summary, it can be said that although there have
been numerous investigations with regard to individual
phenomena, further attention is needed with respect to the
modeling of rapid discharge of a cryogenic fluid from a

container. This is the aim of the present investigation.
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PHYSICAL EFFECTS

FIGURES 1 and 2 illustrate systems studied in this
research. Forces act on the fluid to produce fluid accel-
eration during the discharge process. The various kinds of
forces, and the corresponding two types of fluid acceleration

that result from the action of these forces, are indicated

below.
Forces Acceleration
Boundary Forces . Convective Acceleration
Gravity Forces
-_—
Produce
Forces due to External " Local Acceleration

Pressure Drop

Viscous Forces

The boundary forces (forces pérpendicular to the walls)
are sufficient to prevent the fluid from moving normal to the
boundaries, the structure being considered rigid. Downward
gravity and the external pressure drop (from the top to the
bottom of the fluid column) contribute to downward acceleration
of the fluid column, while viscous forces impede this

acceleration. Convective acceleration is associated with
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the change in velocity of a fluid particle as it travels
from a region of one velocity into a region having a
different velocity. Thus, ccunvective acceleration can be
produced even if the flow is steady. Local acceleration of
the fluid is associated with the time varying, or tfansient,
condition of the flow. This acceleration; at any point in
the system, is equal to the time rate of change of velocity
at that point. The two acceleration contributions; when
added together at any particular point in the system, give
the actual acceleration of the fluid particle passing through
that point at a particular instant of time. 1In each of the
analyses which follow, the physical effects accounted for are
indicated, and errors produced by omitting certain physical
effects are evaluated.

In general, the pressure drop across the system,
(Py - P,), may possibly vary with.time. The effective
~gravitational field, g, may also vary in accordance with
changes in vehicle thrust; If local pressures are low
enough cavitation may occur. Surface tension effects may
conceivably be important if the system dimensions are small
enough. Also, in practical applications the valve setting
may vary with time. This, howevér; amounts to a time
varying change in the system geometry and is beyond the
scope of this report. 1In order to keep the discussion
brief, AP and g are taken as constants. Additionally;
surface tension, phenomena associated with cavitation, and

variable valve settings are omitted.
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DIMENSIONAL ANALYSIS

In this section dimensional analysis results are
given along with discussion to illustrate how these results
are related to the physical effects discussed in the pre-
vious section. The systems illustrated in FIGS. 1 and 2
are considered. For all geometrically similar systems only
one length is needed in order to specify all other length
dimensions for a particular enclosing container. For
example, D/d and L/d are fixed constants for geometrically
similar containers, and h/D is also a constant for any class
of similarly shaped containers having similar liquid geome-
tries at the start of the process. Thus, for all systems
having a prescribed initial geometry, for both the container
and the liquid, it is only necessary to specify one length
parameter in order to fix the size of the system and all
of its dimensions. For this situation, the mass discharge
rate (FIG. 1 or FIG. 2) is related to the fluid properties,
the system dimensions, the effective_gravitational field,

and the time elapsed from initiation of disctarge. Thus,

m= f(p, g, 4P, v, h, t). (1)
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The variables are listed below, along with their dimensions

in terms of mass (M), length (L), and time (T).

Symbol '?arameter Dimensions
m mass flow rate M1
o ' density Mz~ 3
g gravitational field L1 2
AP pressure drop ML 1p~2
v kinematic viscosity p2r1
h initial fluid height L

-t time T

Use of Buckingham's theorem and the repeated variable
technique (see Appendix A) results in the following di-

mensionless parameters.

, dimensionless mass flow rate

t
/ZR75

, dimensionless time

égéﬂi , ratio of pressure head to initial hydrostatic
head ‘ '

dv2gh

S , @ characteristic Reynolds number
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Since the discharge diameter d has a fixed value
relative to h for all geometrically similar systems, h has
been arbitrarily replaced by @ in those instances where its
use produces greater physical insight, but this does not
represent an increase in the number of parameters Beyond
those given in equation (1). Along the same lines, numerical
values have also been inserted for the purpose of attaching
more direct physical meanings to some of the quantities
contained in the dimensionless parameters given above.

(nd2/4) is the discharge area, /§§H is the velocity attained
by an object initially at rest which falls freely through a

distance h under the influence of gravitational field g, and
v2h/g is the time of free fall. The resulting relation among

the dimensionless quantities is written as

h = F [ t AP/pg dv2gh (2a)
2 V2h/g  h
o (I9-) VZgh | ¥2h/g v

Consideration of systems of the type indicated in
FIG. 2 having different geometries (as specified by various
values of 4, D, and L for a given value of h) gives three
additional length ratios. Equation (2a) is correspendingly
modified to account for these geometrical changes and is

rewritten as

m t AP/pg dY2gh
2 14

= F ’
Q(ni ) V25H Y2h/q h v

(2b)

o NNl

h D
Id—' al
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A procedure for obtaining this more complete result is
given in Appendix A. Equation (2a) represents the results
for a class of systems all characterized by similar geometry
as specified by a fixed set of values for h/4, D/d; and L/d.
In the experimental portion of the investigation it
was found that the height of the liquid surface could be
measured more conveniently than the mass flow rate. It is
therefore appropriate to consider the dimensionless ratios
associated with the time variation of the liquid surface
height, y. Application of the dimensional analysis procedure

indicated above gives

t  AP/pg dvY2gh
’

| % =G ’ (3a1
Y2h/g h v
and
'y t A?/pg d/Zgh E D E
h = G ' r g’ g 4q (3b)

’
2h/g  h v

as alternate expressions for equations (2a) and (2b) res-

pectively.
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ANALYSIS

In this section various analyses are carried out which
vary in complexity, in the geometry associated with the
system being studied, and in the physical effects wﬁich.are
accounted for. The liquid is considered to be incompressible
for all of the cases studied. For each situation the simplest
possible analysis is carried out first, and the additional
complexities are subsequently added so that the relative
magnitude of each physical effect can be illustrated for

various operating ranges.
Liquid Discharge Through an Opening

Consider the system shown in Fig. 3 which represents a
special casé of that shown in Fig. 2, that is, the case of
L/d = 0. For the initial study of this system the pressure
drop, (Pl - P2), is omitted, while viscous and local ac-
celeration effects are neglected. The physical effects

accounted for are indicated below.

Forces Fluid Acceleration

Boundary Forces
[[] ©vocal Acceleration

Forces due to External ‘
Pressure Drop Convective Acceleration

|
Gravity Forces
L]
]

Viscous Forces
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]

Vo

1 .|
Location "1"
<§\ , Gas Pl
v, Ny
Liquid
Density p
Kinematic
viscosity v
h 4
g
-—>1d | < |
i | \[ _J"
N— Location “2"
Py

FIG. 3 GEOMETRY AND COORDINATE SYSTEM FOR ANALYSIS
OF LIQUID DISCHARGE THROUGH AN OPENING.
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The analysis associated with the above conditions is based
on quasi - steady flow (since local acceleration is neg-
lectad) in the absence of viscous effects for zero pressure
drop.

It is assumed that the velocity of the fluid is constant
over any cross-section. Also, the surface of the fluid is
assumed to be horizontal at all times. The discharge mass

flow rate m is given by paVz, and continuity requires that

pAV., = paV

1 2 _ (4)

where Vl and V2 are the fluid velocities at locations 1 and

2 respectively. For the conditions indicated in the table

above, Bernoulli's equation applies. Thus,

P,trgy + % [¢ V12 =P, + % p V22 (5)
For the coordinate system shown, V1 = - %% and V2 = - % g%.
Since Pl = Pz, equation (5) becomes
gyt e (3 - 1o (-2
Solving for dy/dt gives
%%:-%/E_g—? (7)

2
where 82 = {(%) - 1] , a parameter depending only on the

geometry of the system. Note that the negative sign appears
because y decreases as t increases. Integration of equation

(7) yields
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t Y
'y

Finally,

which relates the instantaneous height of liquid to time
after initiation of discharge, Equation (9) can be re-

written as

)

which shows that the instantaneous height is related to time
parabolically. Also, this result implies that the total
discharge time is (BJEE]. These results are represented
~graphically in FIG. 4. Notice that equation (10) contains

the two dimensionless parameters predicted by equation (3a),

y/h and _E__ . The two remaining parameters in equation (3a)
do not agggég in equation (10) since effects of pressure

drop and liquid viscosity have not been considered in the
present analysis.

The instantaneous rate of discharge is pA (_'QX)

where %% is given by equation (7). Thus,

'121=>°—A3—5 2 gy (11)
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FIG. 4 VARIATION OF LIQUID HEIGHT WITH TIME FROM ANALYSIS
BASED ON QUASI-STEADY FLOW IN THE ABSENCE OF VIESCCTS
EFFECTS FOR ZERO PRESSURE DROP



But from equation (9),

/25y = /g - ¢ 12)
Therefore, equation (11) becomes

n = && [/Zg—h —%t] . (13)

Rearrangement of this equation provides the result in

dimensionless form, which is

2 a o ' ’
1 - (3) o = 1—%( . e
o (X9-) v2gh Y2h/g

For systems'having fixed geometry, \/1_-—»(a/A)2 and B both

m

ﬂdz
o (2) /3gh
function of[ ] according to equation (14). This is in

v2h/qg
agreement with the dimensional analysis result given in

have constant values so that [ ] is purely a

equation (2a). Equation (14) does not contain Agégg and
Qﬁgéi because the preceding analysis was carried out only
for the case in which AP = 0; while viscous effects were
omitted.

A plot of equation (14) is given in FIG. 5 which shows
that the predicted discharge rate decreases linearly with
time. This decrease with time is associated with the drop-
off in the hydrostatic head y, (which corresponds to the

gravitational driving potential) as liquid is removed from

the container.
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A simplification of equation (14) is possible when

a/A<<1l. For this situation B:ﬁA/a) - l”%, and equation (14)

reduces to

m ra ot
21 - (2) ). (15)
2 AV —
o(73-) /25h /9 -

The process studied and described in this report involves
the behavior of a liquid, initially at rest, when it is
discharged from a container. This implies that the initial
flow rate (at t = 0) must be zero. Although the actual flow
rate may in reality rise very rapidly with itme, the inertia
of the fluid prevenfs acceleration to the maximum flow rate in
zero time (as indicated in FIG. 5). On this basis the model
analyzed in this section is physically unacceptable, at least
for small values of time. During this initial time period
local acceleration effects, not considered in the above analysis,
are appreciable when the fluid accelerates from rest. An
analysis which considers these aspects is given in Appendix E.

The physical effects accounted for are indicated below.

Forces . . . Fluid Acceleration

Boundary Forces .
Local Acceleration

Gravity Forces

Forces due to External
Pressure Drop Convective Acceleration

Viscous Forces

U O K
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The above description includes the inertia of the fluid
as associated with the time varying; or transient, condition
of the flow. The corresponding analysis (Appendix B) is
based on transient flow in the absence of viscous effects
for zero pressure drop. The results are shown in FIG. 6
and 7. The fluid is at rest initially, and all of the
curves exhibit a zero discharge velocity and mass flow rate
at t = 0. For small discharge openings (a << A and g >> 1)
the flow accelerates rapidly, with respect to the total dis-
charge time; and the system behavior, after the initial
brief period of acceleration, closely approximates that
predicted previously (FIG. 4 and 5). For larger discharge
openings the flow is cons%derably retarded over relatively
longer times due to the inertia of the fluid during its
initial period of acceleration. However, the predicted
total discharge times are, for all practical purposes, fairly
independent of B except in the range where B decreases to
values smaller than 2. Even though the fluid inertia retards
the flow initially for these situations, it also has the
effect of maintaining the flow rate at higher values during
the deceleration period so that the overall discharge time
is almost unaffected.

FIGURES 6 and 7 can be used to ascertain the range of
usefulness of the results given in FIG. 4 and 5, which do
not account for local acceleration effects. For many typical

situations (where g >> 1) predictions based on the quasi-steady
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flow model (FIG. 4 and 5) are quite adequate for engineering
purposes. FIGURES 6 and 7 show that although the inértia
effect tends to retard the discharge initially; there is very
little overall effect on the height versus time curve or the
total discharge time unless 8 is small, that is, unless the
discharge area, a, is of the same order of magnitude as the
container area A.

Now that the effect of fluid local acceleration has been
evaluated for AP = 0, it is appropriate to study the discharge
process under the influence of a pressure difference, AP,
which is not zero. 1In order to isolate the qualitative effect
of such a pressure difference, and to keep the analysis simple,
both viscous and local acceleration effects are ignored. The
latter implies that the results will not be accurate for very
smallltime values and also that B must be somewhat larger than
one for the results to be valid physically over most of the
transient period (see FIG. 6 and 7). The effects which are

considered are summarized below.

Forces Fluid Acceleration

Boundary Forces :
[[] ©Lrocal Acceleration

Gravity Forces

forces due to External
Pressure Drop Convective Acceleration

R B

Viscous Forces

o
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For the conditions indicated above equations (4) and (5)
apply, but in this case Pl and Pz are not equcl. Therefore,
equation (6) is corrected to include AP, and the procedure
indicated in equations (7) through (14), modified to include

the AP term, yields

T —

Y - 1 -2 1+ AR/eg ., (l4. t )
h 8 /3n/g

2
+ (5 —) (15)
8 v2h/g
2 m _ AP/pg 1 t
\/ - (asa) 3 Y B -(3 )
Y (16)
o(Tg-) V2gm[ /e

Notice that equations (15) and (16) are in agreement with the
dimensional analysis results given in equations (2a) and

(Ba) respectively, with three of the four dimensionless
groups appearing explicitly in each of the analytical expres-
sions above. Equations (15) and (16) do not contain éﬁ%EE

because the preceding analysis does not account for viscous

effects. The two quantities, V"- (a/A}2 and B, which appear
have fixed numerical values for any particular geometry.

The results given by equations (15) and (16) are
illustrated in FIG. 8 and 9 along with those given previously
in FIG. 4 and 5 for the case of égégg = 0. The predicted
liquid height still decreases parabolically with time, but
at a faster rate than that which occurs in the absence of a

pressure drop. The total discharge time is correspondingly
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reduced. The flow rate still decreases linearly with time
due to the dropoff in the hydrostatic head y (gravitational
driving potential) as liquid is removed from the container.

in each of the analyses considered thus far viscous
effects have been neglected. Also; it has been assumed that
the streamlines are all perpendicular to the cross-sectional
area at the location of the opening (FIG. 10). Under certain
conditions; which depend; in general, on geometry and on a
Reynolds number associated with the flow, the discharge |
stream may contract to a smaller diameter as shown in FIG. 11.
For this situation the streamlines at the discharge opening
are not all perpendicular to the cross-sectional area of the
opening. At the location where the streamlines do become
perpendicular to the cross section; the area of the stream is
somewhat reduced. Both viscous effects (FIG. 10 and 1l1) and
the contraction effects (EIG. 11) tend to retard the flow.
They can be accounted for in a conventional manner (Ref. 4)
and are now superimposed upon the treatment yielding the
results summarized in the previous paragraph. The correspond-

ing physical model is based on the description below.

E

Boundary Forces [[] Local Acceleration

Gravity Forces

e

Forces due to External
Pressure Drop

Convective Acceleration
Viscous Forces .

B
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In the analysis which follows fluid local acceleration
effects are omitted “or the sake of simplicity; The remain-
ing physical effects considerea in this report are all
accounted for, at least approrimately. The viscous retardation
of the flow is specified by means of a velocity coefficient,
Cv, and a contraction coefficient, Cc (see Ref. 4 ). The.
reduction in flow rate due to both effects is specified in
terms of a discharge coefficient, CD; which is the product
of Cv and Ceo- Typical values of these coefficients (obtained
from Ref. 5 ) are indicated in FIG. 10 and 11l.

The discharge coefficient is the ratio of the actual
discharge rate to the idealized rate predicted for the same
situation, but with viscous and contraction effects omitted.
Thus equation (11), which gives the idealized rate for a

~given liquid height y when AP = 0, is altered to

mo=Cy - [p_gé /2g(y + AP/pg] . (17)

The effect of a non-zero pressure drop has also been included
in the idealized rate expression (in brackets) as was done in
the previous analysis. The procedure indicated by equations
(7) through (14), when carried out with the discharge coef-
ficient included, yields results identical to those given

by equations (15) and (16) except that 1/8 is replaced by

CD/B. These results are

. P D t D t
=1 -2 ‘/l + BE129 (D ) + (5~ —=) a8

@]
O
N
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: 2 . C
1 - (3) m =C 1 + 2B/Po (_2 t } (19) . |
A , 2 D h /
o(X) V2gn B Yah/g

FIGURE 12 shows the variation of CD with Reynolds
number (based on total head), as given by Vennard (Ref.18),
which is applicable to quasi-steady flow conditions when
y/d > 5 and for g >>l; When y/d = 1 or smaller, the lowering
of the liquid surface into the vicinity of the outlet
obviously causes considerable variation in the fluid stream-
line pattern at the exit. Thus, for small values of\y/d

some deviation from the CD curve of FIG. 12 can be expected.

Since (X) ='(E)(X] , this implies that even when d 2gh' L,

d d’‘h v h
and égégg are held constant, various values of CD can be
obtained by varying % in the operating range where (%)'(%)

is small. Also, the curve of FIG. 12 applies only if g >> 1.

When d is large, approaching the value of D; the cylindrical
container wall affects the streamline pattern in the vicinity
of the outlet, so that CD varies with g in general. This
can be expected on the basis of CD values obtained for flow
through an orifice in a tube full of liquid (FIG. 13), a
situation which is not quite the same as the case-discussed
here, but is somewhat similar.

On the basis of the discussion above, it is clear that

Cp is somewhat dependent on h/d and D/d in addition to the

dimensionless ratios appearing in the abscissa of FIG. 12.
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Therefore, all of the dimensionless parameters given
initially in equations (2b) and (3b) are appropriately
included in the results given by equations (1R) and (19)1.
However, the results given by equations (18) and (19) are
not exact in general since CD was assumed constant through-
out the discharge period in their derivation. 1In reality
CD may be expected to vary somewhat with time as y decreases
(FIG. 12). Despite this fact, use of a constant CD value
for an entire transient run can be expected to produce

reasonably accurate results in many typical situations where

dv2gh Y 4 AP/pg
v h h

‘most of the discharge period (FIG. 12). 1In this case CD

remains somewhat above 104 throughout

is very close to 0.6 during the entire process (provided
that h/d >> 1), except for possible changes in CD occurring
at the very end of the process (y/d X 1, or smaller) brought
about by an alteration of the flow pattern as the liquid
surface is lowered into the region of the exit.

On the other hand, for transient runs involving modified
Reynolds numbers (abscissa of FIG. 12) which drop from 104
or above down to about 100, increases in CD during the
discharge occur, from 0.6 to about 0.8. Furthermore, CD

can drop from about 0.7 to zero if the Reynolds number range

is at the lower end, say between 100 and zero (FIG. 12).

1 Note that L/d = 0 in this treatment, while a/A = (d/D)2
- - U -

4
and B = \/(g] - 1 in equations (18) and (19).
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In this situation viscous effects become highly dominant,
and the strong variat.ion of Ch would cause equations (18)
and (19) to be inaccurate. Thus, a word of caution is in
order with respect to the ability of equations (18) and (19)
to predict the actual discharge behavior for some operating
ranges. Even in the more severe cases, however, these
equations can yield fairly good approximate results provided
that a good estimate is made of an appropriate CD value to
be used with these equations. This may be difficult to do
for situations where the actual CD value varies drastically
over the discharge period, so that considerable experience
and sound judgement may bé required to produce successful
predictions for these conditions.

For modified Reynolds numbers above 30 (abscissa of

FIG. 12), C_ can be expected to lie between 0.5 and 1.0.

D
FIGURES 14 and 15 contain plots of equations (18) and (19)
which illustrate the retardation effect produced by CD
values corresponding to the lower Reynolds numbers (FIG. 12).
For a situation involving a variable CD during a discharge
process, an average CD value can be estimated (FIG. 12) in
order to obtain the approximate time variations of the
liquid surface height and mass flow rate (FIG. 14 and 15).
The corresponding actual curves would fall in the vicinity

of the idealized curves, plotted in the manner indicated

in FIG. 14 and 15, but would deviate somewhat in shape.
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Liquid Discharge Through a Tube

The previously presented analytical results apply to
liquid discharge thropgh an opening (FIG. 3) and correspond
to the special case of L/d = 0. These results can also be
applied, when combined with certain additional procedures,
to discharge through a tube (FIG. 2) with L/d > 0. Equations
(18) and (19) give the results, based on quasi-steady flow,
which account for all of the physical effects except those
due to local acceleration. Recall that these effects were
found to be important only if the size of the discharge
opening approaches the cross-sectional area of the container
(B approaching an order of magnitude of unity). If local
acceleration is not important,.then equations (18) and (19)
can be used for prediction purposes provided that Cp can
be determined with reasonable accuracy. Before directing
attention toward the determination of CD’ it is appropriate
that the physical effects associated with the procedure

outlined above be indicated. These are summarized below.

Forces Fluid Acceleration

Boundary Forces

E

_ '[] Local Acceleration
Gravity Forces

<]

Forces due to External
Pressure Drop
X

<]

Convective 2acceleration

Viscous Forces

[]
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Application of Bernoulli's equation to the system shown

in FIG. 2 gives a modified form of equation (5) which accounts

for viscous =ffects by means of a head loss, hL' This
relation is
_ 1 2 _ 1 2
P1 + pgy + 5P V1 = P2 + 5 v2 + hL (20)

where the liquid surface height, y, is measured from the
exit location. Equation (6) is correspondingly modified to

account for AP and hL' and equation (11) becomes

m = %? /23(y + 8P/p9 - B) . (21)

If the discharge stream should be cousnitracted at the exit,

this relation is further altered to

PR 55Ty ¥ 8B/pg - Ry . (22)

m=Cc—-B—
The definition of CD, given previously by equation (17), is
. pA
m = C, 5 Y2g(y + AP/pg) . (23)

Combining equations (22) and (23) gives

b

(y + aP/pg) = 5—73 - (24)
1 - cp°/c,

Now the total head loss is composed of the entrance head
loss, he’ due to the reduction in cross-sectional area at the

inlet of the tube, and the frictional head loss, h due to

fl
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viscous effects within the discharge tube. Thus,

hL = he + hf . (25)
These two head loss components are given by
V22
and
2
h. = f L zz_ (27)
f d 2g °

K is the entrance loss coefficient (Ref. 4 ) and f is the
Darcy-Weisvach friction factor for flow in a tube (Ref. 4 ).

The total head loss is
L sz
hL=(K+fa)'2—g——. (28)

Since m = paVz, equations (23), (24), and (28) can be
combined to give

CC
cp = — .. (29)
d 2

C
1 - (a/a)?

1 + ¢
Over most operating ranges encountered, K is about 0.5
(Ref. 4). The friction factor, £, is dependent upon the

Reynolds number of the flow in the tube and can be obtained

(Ref. 4) from the Moody Chart (FIG. 16). This information

for K and f applies onlyv if the liquid fills the tube, in

which case Cc = 1. For very short tubes, £ % is negligible
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cémpared to K and equation (29) gives Cp = 0.82 for C. =1,

K = 0.5 and (%) << 1. This value of Cp is in good agreement
witn the nominal value of 0;8 given for short tubes by
Vennard (Ref. 18) and agrees exactly with the nominal value
for discharge through an opening in the absence of contrac-
tion given in Ref. 5. The latter situation occurs in

some instances when the thickness to diameter ratio of the
opening is not negligible, so that the opening really

corresponds to the case of a short tube (FIG. 10). If

contraction occurs so that the liquid does not fill the tube

L

crossection at the exit, then Cc < 1l (see FIG. 1l1l) and £ 3

should be eliminated from the generalized relation for CD
given by equation (29). For this case Cc is a little larger
than 0.6 for most typical situations, and K is normally

only slightly greater than zero (see FIG. 11).

FIGURE 17 shows curves for CD, plotted according to
equation (29), for Cc = 1 and a/A << 1. 1In generating these
curves K was taken fo be 0.5 and f was obtained from FIG. 16.
Notice that the resulting CD values are strongly dependent
on L/d, but they do not vary appreciably over a large range
of the Reynolds number. This implies that < is relatively
constant even if m varies during a transient discharge
process provided that the Reynolds number remains in this

range. Strictly speaking, C_ can be shown to depend upon

D
D/d and y/d as well as the Reynolds number and L/d. This
can be expected on the basis that K depends somewhat on D/d

and on y/d, if y/d is smesll, in addition to varying with
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the Reynolds number (recall discussion of CD for flow
through an opening contained in the previous s<action).

. In oraer to obtein approximate analytical results
equations (18) and (19) are used (recall that CD is assumed
constant over the discharge period). FIGURES 18 and 19
show typical results which correspond to L/h = 0.5, plotted
for CD equal to 0.35 and 1.0 and for two values of AB%QQ.
According to FIG. 17 the CD range covered by these plots
corresponds to values of L/d up to about 250.

An analysis which accounts for the additional effect
of local acceleration is presented in Appendix C. The

physical effects accounted for are summarized in the follow-

ing table (see diagram in FIG. 20).

Forces Fluid Acceleration

Boundary Forces

Local Acceleration
Gravity Forces

bd = Bd

Forces due to External
Pressure Drop Convective Acceleration

Viscous Forces

[

The results of the analysis, under the assumptions
mentioned in Appendix C, are presenfed in FIG. 21 through
30. Fro-m equation (C4) and FIG. 21 through 30, it can
be seen that the dimensionless liquid height, or analogously

the dimensionless mass flow rate, is a function of the
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dimensionless parameters given by the initial dimensional
analysis (equations (2b) and (3b)). It should be noted that

the skin friction coefiicient c, (which is % of the friction

f
factor "f" introduced in equation (27) is a functior. of the
Reynolds number d/igh. The assumption that Ce is a constant

is justified in view of the fact that the variation in the
discharge velocity is not too large (except for a very short
period during the initial acceleration). The results are
plotted so that the influence of each of the five dimension-
less parameters on the variation of dimensionless liquid
height and dimensionless mass flow rate with dimensionless
time can be easily seen. FIGURES 21 and 22 indicate that
except for small values of g (i.e., relatively large dis-
charge areas) the variation of g has very little effect,

just as in the case of the orifice discharge (FIG. 6 and 7).
FIGURES 23 and 24 show the reduction in discharge times and
increase in the mass flow rates with increasing pressure
drop. FIGURES 25 and 26 show the retarding effect of friction.
It can be noted that unless the viscous effect is large

the time of discharge is always lower with a tube than with
an orifice (without viscous or geometric effects). This is
to be expected because the head in case of discharge through
a tube is larger, and consequently, the velocity of discharge
is higher than in the case of discharge through an orifice.
FIGURES 27 and 28 indicate the physically reasonable trend

that tubes with large diameter take less time to discharge



than tubes with relatively smaller diameter. FIGURES 29 and
20 show the effect of the length of the tube on time of
discharge. As the value of L/h becones larger, the time of

cdischarge becomes shorter.
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EXPERIMENTAL MEASUREMENTS AND COMPARISONS

In order to verify the analysis conducted in previous
sections, numerous experiments were performed. The data
obtained were put in non-dimensional form and compared to
theoretical predictions. This served several purposes.
Comparison of experimental results and theoretical predictions
indicate the validity of any simplifying assumptions made,
énd in what flow situations these assumptions are justified.
They may also indicate situations in which the analytical
methods do not apply, and where further analysis is needed.
Finally, they serve to verify the significance and importance

of individual system parameters.

Apparatus and Procedure

The discharge containers used for experimental purposes
are illustrated in FIG. 2. Two separate containers, of
different diameters, were used. Both containers were equipped
with discharge tubes of various lengths and diameters. Orifice
type op